A systematic study on α-decay fine structure is presented for even-even nuclei in the range 78 Z 102. The penetration probability is obtained from the WKB approximation in combination with the Bohr-Sommerfeld quantization condition. The potential barrier is numerically constructed in the well-established double-folding model for both Coulomb and nuclear potentials. A realistic M3Y interaction, based on the G-matrix elements of the Paris NN potential, has been used in the folding calculation. The local approximation for the nondiagonal one-body density matrix in the calculation of the exchange potential was included by using the harmonic oscillator representation of the nondiagonal density matrix of the α particle. The computed partial half-lives and branching ratios are compared with the recent experimental data and they are in good agreement.
I. INTRODUCTION
α decay is one of the most important decay modes for unstable nuclei and has become a powerful tool to investigate the nuclear structure [1] [2] [3] [4] [5] [6] [7] [8] and identify new superheavy elements studied at accelerator centers such as Berkeley, GSI, Dubna, GANIL, and RIKEN [9] [10] [11] [12] . In recent years, there has been an increased interest in α decay to excited states of daughter nuclei from both experimental and theoretical sides [13] [14] [15] [16] [17] [18] [19] [20] . The half-lives of α emitters provide information on the stability of nuclides, especially for superheavy nuclei, while the decay energies pose a tough test for nuclear-mass models and provide direct information on the excitation energy of final daughter states.
The α-decay process can be divided into two distinct parts: the α clustering of four valence nucleons at the nuclear surface, followed by tunneling of the formed α cluster through the potential barrier. The ground-state to ground-state transition in α decay is only one channel among many possibilities for the decay to other states and this invites use of the term "α fine structure." The population of the excited states in the residual nucleus is usually much weaker than that of the ground state, mainly due to different Q values, reflecting the strong energy dependence of the penetrability of the α particle through the nuclear and Coulomb potential barrier [17] . On the other hand, the population intensity of the excited states also contains important information on their structure.
According to the angular momentum carried by the emitted α particle, there are two groups: favored α transitions with = 0 and hindered ones with = 0. In the spherical or moderately deformed case, α decay in even-even nuclei mainly proceeds between ground 0 + states, belonging to favored α transitions. In odd-A and odd-odd nuclei, the ground-state spin-parities of parent and daughter nuclei are generally different, leading to the hinderance of the additional centrifugal barrier. Therefore, the transitions between ground states are hindered ones. Theoretically, the hindered α transition is an * aa.ahmed@mu.edu.sa, ahmedadel@sci.cu.edu.eg effective tool to study the properties of α emitters because it is closely related to the internal structure of nuclei.
Many studies on α-decay fine structure for even-even nuclei have been carried out. Denisov and Khudenko [19] calculated the branching ratios and half-lives of α decay to the ground-state rotational bands and high-lying excited states in the framework of the unified model for α decay and α capture (UMADAC). The evaluated branching ratios for 0 + g.s. → 0 + g.s. ,2 + ,4 + α transitions in even-even nuclei agree with the experimental data. Within the framework of the Coulomb and proximity potential model for deformed nuclei (CPPMDN), Santhosh et al. [20, 21] has done an elaborate study on α-decay fine structure of even-even [20] , even-odd [21] , and odd-A nuclei [22] . Ni and Ren have used the multichannel cluster model (MCCM) based on the stationary coupled-channel approach for studying the α-decay fine structure observed in heavy even-even nuclei [23, 24] and further extended it to odd-A [25] and odd-odd nuclei [16] .
Considering the complexity of hindered α decay, it is very interesting to explain the recent available experimental data of hindered α decay based on the favored α-decay theory. In this regard, we have used the Wentzel-Kramers-Brillouin (WKB) framework, reducing α decay to a one-dimensional semiclassical problem [26] . The decay widths for the transitions to various daughter states are evaluated at slightly different decay energies and various centrifugal barriers, ignoring the mixing of channel states during the tunneling. Within this framework, there are some primary studies on α-decay fine structure using simple nuclear potentials such as the popular Woods-Saxon shape and the proximity potential [18] [19] [20] [21] .
In the present study, α-decay partial half-lives have been determined using microscopic potentials within the semiclassical WKB approximation in combination with the BohrSommerfeld quantization condition for even-even nuclei in the range 78 Z 102. The microscopic α-nucleus potential is numerically constructed in the well-established double-folding model for both Coulomb and nuclear potentials. A realistic M3Y interaction, based on the G-matrix elements of the Paris NN potential, has been used in the folding calculation. The main effect of antisymmetrization under exchange of nucleons between the α and daughter nuclei has been included in the folding model through the finite-range exchange part of the NN interaction. The local approximation for the nondiagonal one-body density matrix in the calculation of the exchange potential was included by using the harmonic oscillator representation of the nondiagonal density matrix of the α particle [27] [28] [29] [30] .
The outline of the paper is as follows. In Sec. II a description of the microscopic nuclear and Coulomb potentials between the α and daughter nuclei is given. The methods for determining the decay width, the penetration probability, the assault frequency, and the preformation probability are also presented. In Sec. III, the calculated results are discussed. Finally, Sec. IV gives a brief conclusion.
II. THEORETICAL FRAMEWORK
The α-decay fine structure can be described using the onedimensional WKB approximation. In this case, each decay channel is treated as a separate event, and the partial widths for various channels are separately calculated with slightly different decay energies and various centrifugal barriers. The α-decay energy from the various states of a parent nucleus is related to the excitation energy of the different excited states in the daughter nucleus. Thus the Q value for the α transition between the ground level of the parent nucleus and the various levels of the daughter nucleus with excitation energy E * i is given by
The possible values of the angular momentum for the α-decay transition obey the spin-parity selection rule,
where J , π are the spin and parity of the parent nucleus and J i , π i are the spin and parity of the daughter nuclei in state i, respectively. In this study, we have done the calculations with the minimal possible values of the angular momentum min which follows the above two conditions, and are arranged in column 4 of Table I . The partial α-decay width (Q i , ) is mainly determined by the barrier penetration probability (P α ), the assault frequency (ν), and the preformation probability (S α ), (Q i , ) = S α ν P α . The barrier penetration probability P α could be calculated as the barrier transmission coefficient of the wellknown WKB approximation, which works well at energies well below the barrier,
Here μ is the reduced mass. R i (i = 1,2,3) are the three turning points for the α-daughter potential barrier where
The assault frequency of the α particle, ν, can be expressed as the inverse of the time required to traverse the distance back and forth between the first two turning points, R 1 and R 2 , as [31] 
It is indispensable to evaluate the absolute α-decay halflives without the inclusion of the α-preformation factor, S α , which gives the probability that the α particle exists as a recognizable entity inside the nucleus before its emission [8] . It is convenient and applicable to take the constant preformation factor S α factor for all even-even nuclei, keeping the number of free parameters to a minimum. The motivation for this is clearly shown in Refs. [32] [33] [34] . In the present study, we use the preformation probability S α = 0.39 for even-even nuclei as indicated in Ref. [34] .
The residual daughter nucleus after disintegration has the most probability of staying in its ground state for eveneven nuclei, and the probability of staying in its excited state is relatively much smaller. One particularly interesting hypothesis is that the probability of the residual daughter nucleus to stay in its excited states follows the Boltzmann distribution (BD), ρ(E * i ) = exp(−cE * i ), as Einstein did for molecules with a set of discrete states in 1917 [35] . This procedure has been proven to be successful in describing the fine structure in the α decay. The value of the parameter c is fixed at 2.38 MeV −1 as in Ref. [24] . Ultimately, the total α-decay width is given by
The total α-decay half-life, T 1/2 , of the parent nucleus is given in terms of the α decay width, , as
The branching ratio (B i ) for α transition to a daughter state i is expressed as
Because α decay is understood as a two-body phenomenon involving a core nucleus and an α particle, a reliable input of the α-nucleus interaction potential is required for the quantitative description of α decay. The total interaction potential of the α-core system comprises the nuclear and the Coulomb potentials plus the centrifugal part, and is given by [36] 
where the renormalization factor λ is the depth of the nuclear potential, R is the separation distance between the mass center of the α particle and the mass center of the core. The latter term in Eq. (7) represents the Langer modified centrifugal potential, μ is the reduced mass of the cluster-core system, and is the angular momentum carried by the α particle. The renormalization factor λ, introduced to the nuclear part of the folding potential based on the M3Y interaction, is not an adjustable parameter, but it is determined separately for each decay by applying the Bohr-Sommerfeld quantization condition where the global quantum number G = 20 (N > 126) and G = 18 (82 < N 126) [36] . In Ref. [31] , the half-lives are found to be sensitive to the implementation of this condition in the WKB approach, which fixes the depth of the double-folding nuclear potential λ. The application of this condition is correct for the case of spherical daughter nucleus because the periodicity of α-particle motion fulfills. The nuclear part of the potential V N (R) consists of two terms, the direct V D (R) and the exchange V Ex (R) terms. The direct part of the interaction between two colliding nuclei and the equation describing the Coulomb interaction have similar forms involving only diagonal elements of the density matrix [37, 38] 
where s is the relative distance between a constituent nucleon in the α particle and one in the daughter nucleus. ρ α ( r 1 ) and ρ d ( r 2 ) are, respectively, the density distributions of the α particle and the residual daughter nucleus.
The matter density distribution of the α particle is a standard Gaussian form [37] , namely, ρ α (r) = 0.4229 exp(−0.7024 r 2 ).
The matter density distribution for the daughter nucleus can be described by the spherically symmetric Fermi function [26, 36] ,
where the value of ρ 0 has been fixed by integrating the matter density distribution equivalent to the mass number of the residual daughter nucleus A d . The half-density radius, R 0 , and the diffuseness parameter, a, are given by [39, 40] 
The exchange potential accounts for the knock-on exchange of nucleons between the interacting nuclei. The exchange term is, in general, nonlocal. However, an accurate local approximation can be obtained by treating the relative motion locally as a plane wave [27, 30] 
Here k(R) is the relative-motion momentum given by
where μ is the reduced mass for the reacting nuclei, and E c.m. is the center-of-mass energy.
and V C (R) are the total nuclear and Coulomb potentials, respectively. The folded potential is energy dependent and nonlocal through its exchange term and contains a selfconsistency problem because the relative-motion momentum, k(R), depends upon the total nuclear potential,
This problem is solved by the iteration method. The exact treatment of the nonlocal exchange term is complicated numerically, but one may obtain an equivalent local potential by using a realistic localized expression for the nonlocal density matrix (DM) [27, 30] 
The α particle is a unique case where a simple Gaussian can reproduce very well its ground-state density [37] . Assuming four nucleons to occupy the lowest s 1 2 harmonic oscillator shell in 4 He, one obtains exactly the nondiagonal ground-state DM for the α particle as [30] 
where b α is equal to 1.1932 fm.
To accelerate the convergence of the density matrix expansion, Campi and Bouyssy [41] have suggested to choose, for a spherically symmetric ground-state density, the local Fermi momentum, k eff (r), in the following form:
Using the extended Thomas-Fermi approximation, the kinetic energy density is then given by
(19) The first term in this expression stands for Thomas-Fermi approximation while the other two terms represent the surface correction.
One easily obtains the self-consistent and local exchange potential V Ex as [30] 
The exchange potential, Eq. (20), can then be evaluated by an iterative procedure which converges very fast.
The realistic M3Y-Paris effective NN interaction is used in our present calculations and it has the form [37, 42] 
III. RESULTS AND DISCUSSION
The α-decay half-lives of even-even nuclei in the range 78 Z 102 from the ground state of the parent nuclei to the ground and the excited states of the daughter nuclei have been systematically investigated. For the case of even-even nuclei, α decay mainly proceeds from ground state 0 + to ground state 0 + . Actually, the even-even parent nuclei can also decay from their ground states to the excited states of the rotational band in the corresponding daughter nuclei. The decay to the excited states of the daughter nucleus is the unfavored case because they are strongly hindered as compared with the ground-state ones. The influences of the excitation energy as well as the angular momentum of the α particle have been included in calculating the penetration probability of the α particle through the Coulomb barrier.
We have calculated the microscopic α-nucleus potential in the well-established double-folding model. A realistic M3Y-Paris NN interaction with a finite-range exchange part has been used. This type of NN interaction produces the nuclear matter saturation curve and the energy dependence of the nucleon-nucleus optical potential model. Moreover, the main effect of antisymmetrization under exchange of nucleons between the α and the daughter nuclei has been included in the folding model through the finite-range exchange part of the NN interaction. This is a novel development in the fine-structure calculations of α decays. Figure 1 (a) represents the comparison of the calculated branching ratios with the available experimental data for the α decay of 226 Ra from its 0 + ground state to low-lying members of the favored rotational band of 222 Rn. As additional information, the spin-parity and excitation energy of the final daughter states are listed. One sees that the calculated branching ratios for the α decay of 226 Ra have values close to their experimental counterparts. On examining the branching ratio values it is seen that the highest branching ratios are to the 0 + states followed by the 2 + states. The α transitions to the remaining states are strongly hindered. Figure 1(b) s. An uncertainty of 1 MeV in the Q value corresponds to an uncertainty of α-decay half-life ranging from 10 3 to 10 5 times in the heavy element region [44] . A precise measurement with α emitters in present experimental facilities would be most welcome to test the validity of the present study and will give us valuable guidance to improve α-decay studies. Geiger-Nuttall law which states that there is a linear relationship between the logarithm of α-decay half-lives and the reciprocal of the square root of decay energies. Viola and Seaborg generalized the Geiger-Nuttall law with additional adjustable parameters and proposed a new relation about the logarithm of half-life, α-decay energy, and charge number of the parent nucleus. Figure 2 (b) represents a comparison between the calculated values of the ground-state to groundstate α decays for the isotopic sequences of Ra, U, Pu, Cm, Cf, and Fm with the corresponding values calculated from the Viola-Seaborg formula with parameters obtained from Ref. [46] . A good agreement is achieved between the calculated values and the values from the Viola-Seaborg formula. Figure 3 displays the deviations of calculated α-decay halflives from the experimental data as a function of the neutron number N of the parent nucleus for the entire transitions. It is clear that for most of the transitions, the deviation of calculated α-decay half-lives with the corresponding experimental data lie within the order 2. This means that most of the calculated α-decay half-lives are in good agreement with the experimental data for even-even nuclei. Because the constant preformation factor cannot completely describe the detailed features of nuclear structure, one can notice, for some transitions, that there is a slight deviation from the corresponding experimental data.
Finally, to show the effective strength of our calculations, we have evaluated the standard deviation (σ ) of both half-life and branching ratio using the following expression:
The obtained standard deviation of half-life for all transitions is 0.977 and that for branching ratio is 0.833.
IV. SUMMARY AND CONCLUSION
A systematic study of the α-decay fine structure in eveneven nuclei has been performed. The calculations cover the isotopic chains from Pt to No in the mass regions 174 A 256 and 78 Z 102. We have treated α decay as a onedimensional problem and worked in the framework of the wellknown WKB semiclassical approximation in combination with the Bohr-Sommerfeld quantization condition. The potential barrier is numerically constructed in the well-established double-folding model for both Coulomb and nuclear potentials. A realistic M3Y-Paris NN interaction with a finite-range exchange part has been used. In contrast to the other traditional semiclassical approximations which ignore the main effect of antisymmetrization under exchange of nucleons between the α and the daughter nuclei, the present calculations take into account such an effect in the folding model through the finite-range exchange part of the NN interaction. We have also assumed that the excitation spectrum in daughter nuclei satisfies the Boltzmann distribution, which is very similar to the hypothesis of Einstein for atomic spectrum.
On the whole, there exists good agreement between experiment and theory for the fine structure in the studied nuclei. The evaluated standard deviations for the half-life and branching ratio are 0.977 and 0.833, respectively. Although a good agreement between experiment and theory is achieved, there are still some open problems. For example, the mechanism of α-particle preformation and how it varies with different excited states of daughter nuclei instead of a constant. This is worth further investigation.
